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This is an introduction to the Maldacena conjecture on the equivalence 
between M = 4 super Yang-Mills in Minkowski space-time and type IIB string 
theory compactified on AdS$ (g> S$. 
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1 Introduction 

Ph| Gravitational interactions are described by the Einstein's theory of general relativity 
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or more in general by supergravity that is its supersymmetric extension, while the 
other interactions are described by gauge field theories. Actually also the theory of 
general relativity is a gauge theory corresponding to the gauging of the space-time 
Poincare group, while those that are more usually called gauge theories correspond 
to the gauging of an internal symmetry group. But apart from the fact that they are 
both gauge theories does it exist any deeper relation between them? Do they imply 
each other in a consistent quantum theory of gravity? In the framework of field the- 
ory there is no connection; they can both exist independently from each other, but 
any field theory involving gravity suffers from the problem of non-renormalizability. 
However, when we try to look at this question in the framework of string theory, 
we see that they occur naturally together in the same theory and actually it has 
not been possible to construct a string theory without both of them. 

String theories were born from the attempt of describing the properties of the 
strong interactions through the construction of the dual resonance model. It became 
soon clear, however, that this model in its consistent form, that later on was rec- 
ognized to correspond to the quantization of a relativistic string, contained all sort 
of massless particles as gluons, gravitons and others except a massless pseudoscalar 
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particle corresponding to the pion that in the chiral limit is the only massless par- 
ticle that we expect in strong interactions. Because of this and other unphysical 
features it became clear since the middle of the seventies that string theories could 
not provide a theory for strong interactions, that in the meantime were successfully 
described in the framework of QCD, but could instead be used as a consistent way 
of unifying all interactions in a theory containing also quantum gravity Jl| . It turns 
out that all five consistent string theories in ten dimensions all unify in a way or 
another gravity with gauge theories. Let us remind now how this comes about. 

The type I theory is a theory of open and closed string. Open strings have 
Chan-Paton gauge degrees of freedom located at the end points and, because of 
this, an open string theory contains the usual gauge theories. On the other hand a 
pure theory of open strings is not consistent by itself; non-planar loop corrections 
generate closed strings and a closed string theory contains gravity. Therefore in 
the type I theory open strings require for consistency closed strings. This implies 
that gravity, that is obtained in the zero slope limit of closed strings, is a necessary 
consequence of gauge theories, that are obtained in the zero slope limit of the open 
string theory. The heterotic strings is instead a theory of only closed strings that 
contains, however, both supergravity and gauge theories. But in this case gravity is 
the fundamental theory and gauge theories are obtained from it through a stringy 
Kaluza-Klein mechanism. The remaining consistent theories in ten dimensions are 
the two type II theories that at the perturbative level contain only closed strings and 
no gauge degrees of freedom. However, they also contain non-perturbative objects, 
the D-branes that are characterized by the fact that open strings can end on them. 
Therefore through the D-branes open strings also appear in type II theories and 
with them we get also gauge theories. In conclusion all string theories contain 
both gravity and gauge theories and therefore those two kinds of interactions are 
intrinsically unified in string theories. But, since all string theories contain gravity, 
it seems impossible to use a string theory to describe strong interactions. In fact 
they are described by QCD that does not contain gravity!! 

On the other hand it is known since the middle of the seventies that, if we 
consider a non-abelian gauge theory with gauge group SU(N) and we take the 't 
Hooft limit where the number of colours iV — > oo, while the product gy M iV = ^ 
is kept fixed |J, the gauge theory simplifies in the sense that the only diagrams 
surviving in this limit are the planar ones. In the large N limit it can be shown that 
the gauge invariant observables are determined by a master field that satisfies a 
classical equation of motion. It has also been conjectured that in this limit QCD is 
described by a string theory; the mesons are string excitations that are free when 
N —>■ oo. This idea is also supported by the experimental fact that hadrons lie on 
linearly rising Regge trajectories as required by a string model. The fact that the 
large N expansion may be a good approximation also for low values of iV as N = 3 in 
the case of QCD is suggested by the validity of the Zweig's rule and by the successful 
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explanation of the ?7(l)-problem in the framework of the large N expansion Q The 
fact, however, that any consistent string theories includes necessarily gravity has 
led to call the string theory coming out from QCD as the QCD string because, 
as QCD, it should not contain gravity Although many attempts have been made 
to construct a QCD string none can be considered sufficiently satisfactory This 
problem has been with us for the last thirty years. 

A more recent connection between gauge theories and gravity comes from the D- 
branes. A system of N coincident D p-branes is a classical solution of the low-energy 
string effective action in which only the metric, the dilaton and a RR (p + l)-form 
potential are different from zero. The metric is given by: 

{ds) 2 = H- 1/2 {y)r ]a pdx a dx> 3 + H 1/2 {y)5 ij dy i dy 3 (1.1) 

while the dilaton and RR potential are equal to: 

e -(*-*0 = [H(y)]<*-*>'* ; A 01 ... p = [tf (y)]- 1 (1.2) 

where 

with r 2 = yiy 1 and Vt q = 2n ( - q+1 ^ 2 /T[(q + l)/2]. The indices a and (3 run along the 
world volume of the brane, while the indices i and j run along the directions that 
are transverse to the brane. 

A system of N coincident D p-branes is described by the non-abelian version of 
the Born-Infeld action, whose complete form is not yet known, but for our consid- 
erations we can take of the form suggested in Ref. [Q: 

Sbi = -^ 0) J d p+l i e^STr J- det [G a p + 2vra'F a/3 ] (1.4) 

The brane tension is given by: 

g s 2na'g s 

where the string coupling constant g s is identified with the value at infinity of the 
dilaton field. G a p is the pullback of the metric G^ u and F a p is a gauge field leaving 
on the brane. STr stands for a symmetrized trace over the group matrices. By 
expanding the Born-Infeld action in powers of F a p we find at the second order the 
kinetic term for a non abelian gauge field (the U(N) matrices are normalized as 
Tr(TiTj) = !<%): 
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\- f d^ F; u F a ^ ; g 2 YM = 2g s (2rry- 2 (a')^/ 2 (1.6) 

YM J 



"For an early review see for instance Ref. 
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We see here another connection between gravity and gauge theories. On one hand 
the D-branes are classical solutions of the low-energy supergravity action, while on 
the other hand they are described by a gauge field theory whose action reduces at 
low-energy to the usual action of Yang-Mills theory. 



An interesting property of the D-brane solution in eqs.( |l.l| ) and ( |1.2| ) is that for 
large values of r the metric becomes flat. Therefore, being the curvature small, the 
classical supergravity description provides a good approximation of the D brane. In 
the following we want to study the behaviour of the classical solution in the near- 
horizon limit corresponding to r — > for p = 3 for which the dilaton in eq. (|1.2|) is 



independent of r and the Yang-Mills coupling constant in eq. (|1.6|) is dimensionless 
implying that the four-dimensional world volume theory is conformal invariant. 
More precisely the near-horizon limit is defined by: 

r^O a' -»• U = — = fixed (1.7) 

a' 

in which also the Regge slope is taken to zero, while U is kept fixed. In this limit 
we can neglect the factor 1 in the function H in eq.( |1.3|) and the metric in eq. (|1.1| ) 

becomes: 

(ds) 2 U 2 2 ^Ng~ 



This is the metric of the manifold AdS$ x S$ where the two radii of AdS$ and £5 
are equal and given by: 



R 2 AdS5 = Rk = b = <*>j4xN9* (1-9) 

that, using the relation g\ M = Ang s following from eq. (|1.6|) , implies: 



Ng 2 YM (1.10) 

The world volume theory of N coincident D 3-branes is M = 4 super Yang-Mills 
theory in 3 + 1 dimensions with U(N) gauge group. On the other hand the classical 
solution in eq.(|1.8|) is a good approximation when the radii of AdS§ and S5 are very 
big: ^ 

L » 1 =^ N gl M = A » 1 (1.11) 

a' 

The fact that those two descriptions are simultaneously consistent for large values 
of the coupling constant A brought Maldacena [0] to formulate the conjecture that 
the strongly interacting (A >> 1) Af = 4 super Yang-Mills with gauge group U(N) 
is actually equivalent to the ten-dimensional classical supergravity compactified on 
AdSc, x S5. But supergravity is not a consistent quantum theory and therefore 
in order to extend the conjecture to any value of A one has to find a substitute 
for classical supergravity. The natural way of extending the previous conjecture 
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is therefore to say that Af = 4 super Yang-Mills is equivalent to type IIB string 
theory compactified on the special background AdS§ x S 5 @. The parameters of 
the Yang- Mills theory jy M and N are related to the parameters of string theory g s , 
Rs 5 and a' through the following relations: 

9ym = ^ = ^9s R% = R 2 AdS5 = A 1/2 c/ (1.12) 

In conclusion, according to the Maldacena conjecture, classical supergravity is a 
good approximation if A >> 1, while in 't Hooft limit in which A is kept fixed for 
N — > oo classical string theory is a good approximation for Af = 4 super Yang- 
Mills. In the 't Hooft limit in fact string loop corrections are negligible (g s << 1) 
as one can see from the first eq. in ( [[ . 1 2| ) . Finally Yang-Mills perturbation theory 
is a good approximation when A << 1. The strongest evidence for the validity 
of the Maldacena conjecture comes from the fact that both Af = 4 super Yang- 
Mills and type IIB string compactified on AdS$ <S> S$ have the same symmetries. 
They are, in fact, both invariant under 32 supersymmetries, under the conformal 
group 0(4,2), corresponding to the isometries of AdS$, under the i?-symmetry 
group 577(4), corresponding to the isometries of S5 and under the Montonen-Olive 
duality || based on the group SL(2,Z). It is important to stress that the two 
theories live on different spaces: IIB string theory lives on AdS$ <S> 5*5, while M = 
4 super Yang-Mills lives on the boundary of AdS§ that is our four- dimensional 
Minkowski space. This is an explicit realization that a normal four- dimensional 
Yang-Mills theory, as also QCD is, can be described by a string theory without 
running into the problem that a string theory contains gravity while a gauge theory 
does not. This old problem is solved in this case by the fact that the gauge and the 
string theories live in different spaces. A new puzzle, however, arises in this case 
because we usually connect a string theory with a confining gauge theory, while 
instead Af = 4 super Yang-Mills is a conformal invariant theory and therefore is in 
the Coulomb and not in the confining phase. 

But apart from this puzzle, if two theories, as the type IIB string theory com- 
pactified on AdS$ ® S5 and Af = 4 super Yang-Mills theory, are equivalent then it 
must be possible to specify for each field Q(x) of the boundary Minkowski theory 
the corresponding field $(?/) of the bulk string theory and to show that, when we 
compute corresponding correlators in the two theories, we get the same result. In 
particular, in the boundary theory one can easily compute the generating functional 
for correlators involving Q(x) 

Z($ ) =< eI d4x ^ x)Q{x) > (1.13) 

By taking derivatives with respect to the arbitrary source $o(x) one can compute 
any correlator involving the boundary field Q(x). In Refs. [§, |9j the recipy for 
computing Z($o) in the bulk theory has been given. First of all one must identify 
&o(x) with the boundary value of the field $(y), which lives in the bulk theory and 
that corresponds to Q(x) of the boundary theory. Then the generating functional 
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given in eq.( |1.13| ) is just obtained by performing in the bulk theory the functional 
integral over $ with the restriction that its boundary value be $o : 



Z(%) = / D$e~ s[ * ] (1.14) 

J<3?-+«I>o 

In computing the previous functional integral we can use classical supergravity in 
the regime where A >> 1. Otherwise for an arbitrary value of fixed A for iV — > oo 
we need to compute the tree diagrams of type IIB string theory compactified on 
AdS 5 ® S 5 . 

A number of bulk fields have been identified to correspond to the various gauge 
invariant composite fields of M = 4 super Yang-Mills. We do not have the time in 
this talk to describe them in detail. In the following we will just describe in some 
detail the correspondence between the dilaton field of type IIB supergravity and 
the composite given by the Yang-Mills Lagrangian F 2 = F°L F a ^ v showing in detail 



that the two-point functions that one obtains from both eqs. flET^ ) and ( 1.14] ) are 
coincident || |9|. 

Since Kf = 4 super Yang-Mills theory with gauge group SU(N) is a conformal 
invariant quantum theory and the composite field F 2 has dimension 4 the two-point 
function involving two F 2 fields must have the following form: 

N 2 

< F 2 {x)F 2 {z) >~ ^— ^ (1.15) 

apart from an overall constant that we do not care to compute. The previous 
correlator can also be obtained by using the lowest order perturbation theory in 
M = 4 super Yang-Mills, x denotes here a Minkowski four- vector. 

In the bulk theory we only need the dilaton kinetic term in type IIB supergravity 
in D = 10 compactified on AdS$ ® S$. Taking into account that the volume of S5 is 
equal to n 3 b 3 , where b is given in eq.( |1.9| ), we need to consider the following action: 

^3 

"10 



3 1,3 

S = J-^[ d 5 x^g^d^d u $ (1.16) 



where g^ u = is the metric of AdS^, in the so-called Poincare coordinates 

with {1,1/ = 0...4. In the limit A >> 1, where classical supergravity is a good 
approximation, we just need to solve the dilaton eq. of motion given by: 

fy[vftr&*] = o (1.17) 

The solution of the previous equation, that is equal to $0 on the boundary (corre- 
sponding to the limit Xq — > 0), can be given in terms of the Green's function: 

/x 
d 4 x K(x ,x;z) %(z) ; K(x ,x;z) ~ 2 — z^r (1.18) 
[Xq + [X — £j J 
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Inserting the solution found in eq. ( |1.18| ) in the classical action we get that the 
contribution to the classical action is entirely due to the boundary term 



7T u 

S = I rf 4 XXo 3 $(9 $l" ~ 

4k 10 



7T 



Ak 2 
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(x-zY 



;i.i9) 



where we have introduced a cut off e at the lower limit of integration, that, however, 
cancels out after having inserted eq. (|1.18| ) in eq. (|1.19|) . In conclusion in the classical 
approximation (A >> 1) we get 



Z($ ) = exp 



7T 



! fc 8 



4k 2 
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,4^ , 4 ^ (x)$ (x') 

ax / ax 



(x — x'Y 
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Taking into account eq.(|1.9|) and that 2fcf = (27r) 7 g 2 (a:') 4 , from the previous equa- 
tion we can get immediately the two-point function: 



< F 2 {x)F 2 {z) >-- 



a 2 z($ c 



N 2 



d$ (x)d<5> (z) (x-z) 8 
that agrees with the expression given in eq. (|1.15|) . 



;i.2i) 



Acknowledgements 

I thank J.L. Petersen for a continous exchange of information about the AdS/CFT 
correspondence and M. Frau, A. Lerda and R. Russo for many useful discussions. 



References 

[1] J. Scherk and J. Schwarz, Nucl. Phys. B81 (1974) 118. 
[2] G. 't Hooft, Nucl. Phys. B72 (1974) 461. 

[3] E. Witten, Proc. Nato Adv. Study Institute on Recent Developments in Gauge 
Theories (Plenum Press, N.Y. 1980). 

[4] P. Di Vecchia, Acta Physica Austriaca, Suppl. XXII (1980) 341. 

[5] A. Tseytlin, Nucl. Phys. B501 (1997) 41, |hep-th/9701125| . 

[6] C. Montonen and D. Olive, Phys. Lett. 72B (1977) 117. 

[7] J. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231, |hep-th/97lT200| . 



S.S Gubser, I. Klebanov and A. Polyakov, Phys. Lett. B428 (1998) 105, 
|hep-th/9802109 . 



[9] E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253, |hep-th/9802150 



7 



